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(Received 13 hlarch 1967) 
MANY of the manifolds which are of interest in algebraic topology, differential topology 
differential geometry, etc. are homogeneous spaces of Lie groups. Well known examples 
are spheres, projective spaces, Stiefel varieties, and Grassmann varieties. In studying these 
manifolds the following question naturally arises: 
Problem. Let k be a field or the integers. If G is a compact connected Lie group and H 
is a closed connected subgroup how can the cohomology of the homogeneous space G/H, 
H*(G/H; k), be computed from H*(G; k), H*(H; k) and some algebraic topological 
invariant of the way that His embedded in G? 
For the special case when k is the real numbers R, this problem has been solved 
by Cartan [7]. For the special case when rank G = rank Hand H*(G; k), H*(H; k) are 
both exterior algebras on generators of odd degree, this problem has been solved by 
Bore1 [4]. 
For the invariant of the way in which His imbedded in G both Cartan and Bore1 take 
the cohomology map p* : H*(BG; k) + H*(BH; k) induced by the map of classifying 
spaces BH --f BG arising from the inclusion H c G. By means of this map H *(BH; k) may 
be considered to be a module over H*(BG; k). Cartan’s result is then that H*(G/H, R) and 
Tor,.(,c;,,(R H*(BH; R) are isomorphic as algebras. Here H *(BG; R) acts on R through 
its augmentation. Borel’s result is that, assuming his hypotheses, H*(BH; k) is a free 
H*(BG; k) module and H*(G/H; k) and k&BGtkj H*(BH; k) are isomorphic algebras. 
In this paper an extension of Borel’s result is obtained. A new proof of Borel’s theorem 
is also given. The new technique which is used is a spectral sequence due to Eilenberg and 
Moore [IO-121. For a Serre fibration F + E-It B with B simply connected and H *(F; k), 
H*(E; k), H*(B; k) of finite type, Eilenberg-Moore have constructed a spectral sequence 
converging to H *(F; k) with E, = Tor H.tB;kj(k, H*(E; k)). Here H*(B; k) acts on H*(E; k) 
through rr* : H*(B; k) --$ H*(E; k) and H*(B; k) acts on k through its augmentation. In 
particular applying this to the fibration G/H + BH + BG a spectral sequence is obtained 
which converges to H*(G/H; k) and has E2 = Tor,.(,,;,,(k, H*(BH; k)). If E2 = E, in 
this spectral sequence then one has a Cartan-Bore1 type description of H*(G/H; k). In order 
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to prove that for a large class of examples E, = E, an integer depending on H, G, k called 
the deficiency (written df (H,G; k)) is defined. To define this, assume that both H *(G; k) and 
H *(H; k) are exterior algebras on generators of odd degree. Then H*(BG; k) and H *(BH; k) 
are both polynomial algebras on generators of even degree [4,16]. Set H*(BG; k) = 
kb 1, . . . , x,], H*(BH; k) = kb,, . . . , y,]. In H*(BH; k) let I be the ideal generated 
by p*(.~r), . . . , p*(.xJ. It may be assumed that the indexing has been chosen so that 
P*(-yr), ‘.. 3 p*(x,) form a non-redundant set of ideal generators for the ideal I. Then 
df(H,G; k) = t - m. This integer is independent of the choices made in defining it and 
satisfies 0 5 df(H,G; k) 5 rank G - rank H. The main result of the present work is 7.4 
which asserts that whenever k is a field such that H*(G; k) and H*(H; k) are exterior 
algebras on generators of odd degree and df(H,G; k) 6 2, then E, = E, in the Eilenberg- 
Moore spectral sequence of the fibration G/H -+ BH + BG. 
Remarks. 
1. The hypothesis that H *(G; k) and H *(H; k) be exterior algebras is very frequently 
satisfied. 
2. The hypothesis that df(H,G; k) 5 2 seems to be usually satisfied by the homoge- 
neous spaces which actually do arise in problems of differential geometry, algebraic topology, 
etc. 
3. The hypothesis that df(H,G; k) S 2 is, however, undesirable and one may conjecture 
that in fact E2 = E, in the Eilenberg-Moore spectral sequence of G/H -+ BH --) BG whenever 
H *(G; k) and H *(H; k) are exterior algebras on generators of odd degree. A proof of this 
conjecture was announced in [I]. This “proof” has a gap in it. But the nature of the gap is 
such that the conjecture is rendered plausible by the argument. 
4. The map p* : H *(BG; k) -+ H *(BH; k) can be explicitly computed from information 
on the Weyl groups of G and H. See [4,6]. 
5. The map i* : H*(G; k) -+ H*(H; k) induced by the inclusion H c G does not deter- 
mine H *(G/H; k). For example, if G is simply connected and H is a torus this map is zero 
in positive degrees. 
6. A proof and generalization of Cartan’s theorem can be obtained by using the 
Eilenberg-Moore spectral sequence. This is done in [3]. 
The paper is divided into eight sections with the following titles: 
$1. Preliminaries 
92. Tor 
93. E-sequences 
$4. Deficiency 
$5. Eilenberg-Moore Spectral Sequence 
96. Maximal Rank 
$7. Deficiency s 2 
98. Examples 
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$I-$3 are purely algebraic and develop the homological algebra needed in the sequel. 
$5 states the Eilenberg-Moore results in the form used here. $6 gives a proof of A. Borel’s 
theorem. 97 gives a proof of the main theorem (7.4). §S illustrates the theory. 
The work presented here is contained in the author’s doctoral thesis written under the 
direction of J. C. Moore and N. Steenrod. To these two men I extend a deeply felt thanks for 
the guidance and encouragement they gave me. Thanks go also to A. Borel, W. C. Hsiang, 
J. Milnor, and M. Rosen for helpful comments. 
$1. PRELIMINARIES 
Let k be a commutative ring with unit. A graded module M over k is a family of k- 
modules {M’} indexed on the integers Z. An element x of 111 is a pair x = (c(, i) where r E M’. 
i is the degree of x and is denoted by deg x. If ,! E k and .Y = (a, i) is an element of Ali, then 
,lx = (AX, i). If x = (c(, i) and y = (p, j) are two elements of M with i = j, then x + y denotes 
the element (a + p, i) of IM. If x = (a, i) and y = (p, j) are two elements of M with i #j 
then x + y is not defined. 
If M is a graded k-module, then lM1 denotes the (non-graded) k-module @ M’. 
is2 
If &f and N are graded k-modules a homomorphism f of degree p from M to N is a 
family of homomorphisms {f '}, indexed on the integers Z, such that for each i, f i is a homo- 
morphism of k-modules from M’ to Ni+p. If x = (c(, i) is an element of M and f: A4 --+ N is 
a homomorphism of graded k modules of degree p, then f(x) denotes the element (f’(u), 
i + p) of N. If f : M + N is a homomorphism of graded k-modules of degree p then Kernel 
f is the graded k-module defined by (Kernel f>’ = Kernel cf’). Image f is defined by 
(Image f)' = Image cf’-P). (Cokernel f)' = Cokernel cfimp) = N'/f i-P(Mi-P). 
If M is a graded k-module a submodule N of M is a graded k-module N such that for 
each i, N’ is a sub k-module of M’. If M is a graded k-module and N is a submodule of IV, 
then the quotient graded k-module M/N is defined by (111/N)~ = M’/N’. 
If M, and M2 are graded k-modules, then M, 0 M, is the graded k-module defined by 
(lwl 0 M,)’ = 0 Mf @ M,‘. Lf x = (a, i) and y = (/?, j) are elements of Ml and M2 
p+v=i 
respectively, then x 0 y is the element (a 0 fl, i +j) of M, 0 n/r, . k can be considered to be 
the graded k-module which is k in degree zero and zero in all other degrees. k @ M is then 
canonically isomorphic to M. If M,, M, , M, are graded k-modules then M, Q M2 @ MS 
is the graded k-module defined by (Ml 0 M2 Q M3)i = Q Mf Q M; 0 M; . 
p+v+o=i 
A graded algebra over k is a graded k-module A together with homomorphisms 
q : k + A and cp : A @ A --t A of graded k-modules such that: 
(i) degq=degcp=O 
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and 
(ii) the diagrams 
k@A 
= ‘\Y’ 
i 
A -ABA 
* 7 
E /Ll 
/ 
A@k’ 
A@AQA’%A@A 
l@V 
1 1 
‘p 
ABA -?A 
are commutative. (In these diagrams 1 denotes the identity homomorphism of A onto itself.) 
q is called the unit of A and cp is called the multiplication of A. If x and y are elements of 
A, xy denotes the element cp(.-c @ ~3). A is gru&d commutatice if the diagram 
ABA 
is commutative where T(x @y) = (- l)dcgx.degy y @ s. A is connected if r~ maps k isomorphi- 
caily onto A0 and A’ = 0 for i < 0. 
If A, and A, are graded algebras over k, then A, 0 A2 is the graded k algebra with 
multiplication given by 
and unit given by 
k=_k@ktiA1@A2. 
Here T(x, @ x2) = (- 1) degx* ‘degx2.~r2 ox, for xi an element of 
of Ai, and tfi is the unit Of Ai. 
Ai, ‘pi is the multiplication 
If A, and A2 are graded k-algebras a homomorphism f from A, to A, is a homomor- 
phism f of graded k-modules from A, to A, such that: 
(i) degf=O 
and 
(ii) the diagrams 
k 
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are commutative. 
If A is a graded k-algebra a left A-module is a graded k-module M together with a 
homomorphism g : A @ M + M of graded k-modules such that 
(i) degg = 0 
and 
(ii) the diagrams 
I 
\ \ 
631 \f 
\ 
L 
are commutative. Right A-module is defined similarly. If M and N are respectively a right 
and a left A-module, then MO N is the cokernel of the map 
A 
M&N 
whereg,:MOA-tMandg,:AQN-+N. 
Whenever a tensor product sign has no subscript it is understood that the tensor pro- 
duct is taken over k. 
A differential graded k-module is a graded k-module M together with a homomorphism 
d : M + M of graded k-modules such that: 
(i) deg d= $1. 
(ii) dad = 0. 
If M is a differential graded k-module then Z(M) denotes the graded k-module Kernel d. 
B(M) denotes the graded k-module Image d, and H(M) = Z(M)/B(M). Z(M), B(M), and 
H(M) are called respectively the cycles, boundaries, and homology of M. 
A filtered graded k-module is a graded k-module M together with a family {PpM} of 
submodules, indexed on the integers, such that u FPM = M and FPM ZI FqM if p < q. 
PeZ 
A filtered differential graded k-module is a differential graded k-module M together with 
20 P.&CL F. BAti\ 
a family {FpM} of submodules such that d(FpM) c FpM for each p, u FPLtf = J4, and 
psz 
FPM 2 FqM ifp < q. If hl is a filtered differential graded k-module, then there is a spectral 
sequence which, under suitable conditions on the filtration, converges to H(M). For expli- 
cations of spectral sequences see (9,14,17]. 
A filtered graded k-algebra A is a graded k-algebra A together with a family {FPA} of 
sub k-modules such that u FPA = A, FpA 2 FqA if p < q and FpA 1 FqA c FPfq.4. 
PEZ 
Conventions for bigraded modules, algebras, etc. are similar to those for the graded 
case. A bigraded k-module ICI is a family {M’*j> of k-modules indexed on Z x 2. An ele- 
ment x of M is a pair x = (z,(i, j)) such that CL E M’+j. If M is a bigraded k-module, M’* 
denotes the graded k-module defined by (hIi,*)’ = M’fj. Tot M denotes the graded k-module 
defined by (Tot IC~)~ = @ MPSV. ]M] = ]Tot MI. 
p+v=i 
If M is a filtered graded k-module, then the associated bigraded k-module, denoted by 
Gr[M], is defined by Gr[MIPlq = FP(M)P+q/FP+l(ilf) p+q If A is a filtered graded k-algebra . 
then Gr[A] is a bigraded k-algebra with multiplication induced by the multiplication in A. 
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k denotes a commutative ring with unit. Let A be a graded k-algebra. A sequence 
. . . -_,i\/lj_,~~‘~.ij~,Lfj+,~~.. 
of A-modules is exact if for each j, Kernel (f,) = Image (fj- ]). A A-module P is projecfice 
if whenever 
P 
is a diagram of A-modules with exact row, there exists a homomorphism / : P -+ .bfl with 
gf = f. If hf is a A-module, a projective resolution R of IV/ over A is an exact sequence 
R = {... ~R(-2),R(-1)~R(o)~,Cf_*0) 
of A-modules with each R(‘) projective and each map of degree zero. If Y = { Vi) is a graded 
k-module with each Vi a projective k-module, then A @ V is a projective A-module where 
A@A@V %/\@I/ 
gives the action ofA. (rp = the multiplication of A.) From this it can be easily checked that 
every A-module is the epimorphic image of a projective A-module, and that every A-module 
has a projective resolution. 
If M and N are respectively a right and a left A module, then Tor,(M, N) is the bigraded 
k-module obtained as follows: Let R = (... + R(-‘)lc-Z! R(-‘)f’-l! R’/‘o? M- 0) be a 
projective resolution of M and form the sequence 
I’-z’sl j(_‘)@l 
s= . . . +R’-2)QN ,-. +R’-“ON r\ + R”‘@ N 
r\ r\ P. 
ON THE COHOSIOLOGY OF HOMOGESEOUS SPACES 21 
Let L be the bigraded differential k-module defined by Lp.4 = (R@ 0 it’)’ with 
n : LP.4 -+LP+‘J given by f’(p) @ 1,. Tor,,(M, iv) is the homology of L. Tor&(K N) = 
A 
H p*q(L). Tot Tor,(JI, N) = H(Tot L). Tor,,(M, ‘N) is independent of the particular 
resolution chosen, and could also have been obtained by resolving N instead of M or 
by resolving both izl and N. 
Due to the choice of indexing convention Tor F4(M, N) is zero if p c: 0. Indexing con- 
ventions will be those most suitable for topological applications involving cohomology. 
Differential operators will always be of total degree + 1. 
Tor,(M. N) is covariant in all three variables. That is, if I- is another graded k-algebra 
and A, B are respectively a right and a left r-module andf : A + II is a homomorphism of 
graded k-algebras, while g : hf -+ A and h : N + B are homomorphisms of graded k-modules 
such that the diagrams 
are commutative, then there is an induced map 
Tar,-(g, 11) : Tor,(M, N) + Torr(A, B) 
of bigraded k-modules. The bidegree of this map is (0, deg g + deg h). 
Notation. We shall use the abbreviations “1M-A”, for “M is a right A-module”, 
“A-N” for “N is a left A-module”. 
If M-A, A-N then there is a natural map, called the external product: 
Tor,(M, N) 0 Tor,(M, N) -+ Tor,@,(M 0 M, N 0 N). 
This map is. defined as follows : Let 
I 
R=\...+R (-2) /(-“+ R(-‘) f(-I), R(o) f”’ ~ lv] 
be a projective resolution of M over A. Define 
ROR={...-t(ROR)‘-“-t(ROR)‘-“~(ROR)(”-,iMO~f} 
by (R 0 R)‘“’ = 
iijC” (” 
0 R ’ @ R(j) and .K 63 y +f(‘)_~ @ y c (- 1)‘~ @f”‘y for x, y elements 
of R(‘), R(j) respectively. Let 
S = {...,S’-“_*S’-“-tS’O’-,MOM) 
be a prqjective resolution of M @ fl4 over A @ A. Since (R @ R)(“) is a projective A @ A- 
module one can inductively define maps of A @A modules to obtain a commutative 
diagram 
. ..-‘(ROR)‘-“-.(ROR)‘-“_,(ROR)“‘-tMO~~~ 
1 1 1 ,/” 
. ..-g-“.s - ( 1) - s(O) 
22 PAUL F. BAUM 
R gives rise to a complex L whose homology is Tor,(M, N). S gives rise to a complex T 
whose homology is Tor,B,(M 0 M, N 0 N). From the above diagram a map of complexes 
L 0 L -+ Tis obtained and passing to homology one has H(L) 0 H(L) -+ H(L 0 L) -+ H(T). 
This is the external product. 
If A, hl, N are graded commutative k-algebras with the module action of A on M, N 
given by algebra homomorphisms yl: A -+ hf, y2 : A + IV, then Tor,(M, N) is a bigraded 
k-algebra. The multiplication in Tor,(M, N) is given by 
Tor,(M, IV) 0 Tor,(M, N) 
I 
Tor,@,(M @ hf, N 0 N) 
I 
Tor,(rp1dPr) 
Tor,( M, IV) 
where the first map is the external product and the second map is the map of Tor induced 
by cp, ‘pi, (p2, the multiplications of A, M, N. 
We shall be mainly concerned with the special case in which A is a polynomial algebra 
on generators of even degree. 
Definition. Let A be a graded k-algebra and let x1, . , x, be elements of A. A is said 
to be a polynomial algebra on generators x i, . . , .u, of even degree (written, A = k[x,, . . . , x,] 
if: 
(i) A is connected and graded commutative. 
(ii) For each i, deg xi is even. 
(iii) For each j, A’ is a free k-module and the monomials xyxp e.+ x2 with i, 2 0, 
v = 1,2, . . ) n, and i, deg x1 + i, deg x2 + . . . + i, deg x, = j, form a k-basis 
for A’. 
If A = k[x,, . , x,] then since A is connected the unit q : k 4 k[x,, . . . , x,] gives an 
isomorphism of k-modules k M A’. Set E = q-l, E : k[x,, .,. , x,] -+ k. Then k is a A-module 
by means of E. E is called the augmentation of A. We now describe an explicit resolution of 
k as a A-module. 
Definition. If V is a graded k-module, then the r-t/z suspension of V is the graded k- 
module s,(V) defined by s,( V)i = Vi-r. 
Definition. Let A be a graded k-algebra and let e,, . . . , e, be elements of A. A is an 
exterior algebra on generators e,, . . . , e, of odd degree (written, A = E[e,, . . . , e.]) if: 
(i) A is connected and graded commutative. 
(ii) For each i, deg e, is odd and ef = 0. 
(iii) For each j > 0, A’ is a free k-module and the monomials ei,ei2 . . . ei, with 
1 5 i, < i, < ... < i, 5 n and deg e,, + deg ei2 + ... + deg eis = j form a k-basis 
of A’. 
If A = E[e,, . . . , e,] then for each p = O,l, . . , n define a graded k-module A, = 
E&e,, . . . e,] by letting AL be the sub k-module of A’ spanned by all monomials of the form 
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et,ei, .” eiP with 1 2 i, < i2 < ... < i, 5 n and deg ei, + deg ei, + ... + deg eip =i. A, is 
the graded k-molecule of elements of e.rterior degree p. 
If A = k[.r,, . . . , x,]. let A = E[e,. . . . , e,] with deg e, = - 1 + deg xi. Then a resolution 
of k as a right A-module is given by 
. ..-*s~(~~~)OI\~S.(A~)~~~~~~OA~A~~~ 
where 
f’(- “(ei @ j.) = 1 @ Xi;% 
and 
f(-P’(f?i,ei2 . . . ei,@A) = ji,(-l)‘-lei, .” bi, . . . eip @ xi, i. 
( *indicates omission). This resolution is called the Koszul resolution [8,14]. 
2.1 PROPOSITION. Let A = k[x,. , .r,] and let N be a left A-module. Let A act on k 
through the augmentation of A. Set A = E[e,, . , e,] with deg ei = - 1 + deg Xi and set 
A, = E,[e,, . , e,], the graded k-module of elements of exterior degree p in A. Then: 
(i) Tor,(k. N) is the homology of the bigraded complex L defined by Lpp4 = 0 if p > 0, 
Lp*q = (s-&A_,,) @ N)q ifp 5 0 with differential operator d: Lp.¶ --f Lpfls4 gicen by: 
d( 1 @ a) = 0 for all elements a of N 
d(e,@a) = 1 @xia 
d(ei,ei2 
. . . ei,@a) = i (-l)j-lei, ... Pi, ... ei,@Xija 
j=l 
Torr4(k, N) = Hp,q(L). 
(ii) Tot L = E[e,. . . . , e,] 0 N and Tot Tor,,(k, N) = H(E [e,, . . . , e,] 0 N). 
(iii) If N is a graded commutative k-algebra and k[x,, . . . , x,] acts on N through an 
algebra homomorphism, then L of(i) above is a bigraded differential k-algebra and 
as algebras Tor,(k, N) = N(L), Tot Tor,(k, N) = H(E [e,, . . . , e,] @ N). 
Proof: Resolve k as a k(x,, . . . , .u,]-module by the Koszul resolution. 
Remark. Later Tor,(k, N) will appear as the &term of a spectral sequence. 
ET4 = TorP*4(k, N). In this spectral sequence the bigraded complex L of (i) above could 
be taken as the E, term. 
2.2 PROPOSITION. Let A = k[x,, . . , x,,] and let A-N. Then Tor:4(k, N) = 0 ifp < -n. 
If k is Noetherian and N is a jinite1.v generated A-module then ITor,(k, N)I is a finitely 
generated k-module. 
Proof: Resolve k over A by the Koszul resolution. Since the Koszul resolution is zero 
after n steps it follows that Torc4(k, N) = 0 for p < -n. 
NOH. suppose that k is Noetherian and that N is a finitely generated A-module. Since 
k[.r,, . . . XJ is Noetherian it is possible to construct a projective resolution 
. . . _+pc-2),p(-l),p(o),~ 
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of N over A such that each Pci) is a finitely generated A-module. Then in the sequence 
...-,kOP’-“~kOP’-“-tkOP’O’ 
i\ A A 
[k @ PiI is a finitely generated k-module for all i. The proposition now follows. 
A 
2.3 Remark. Suppose that A., and A, are two augmented graded k-algebras and that 
N is a left A, @ A2 module. AZ maps into AI 0 A2 by a + 1 @ a so N is, a fortiori, also a 
AZ-module. Form k 0 N. The action of A, on N makes k @ N into a AI-module and there 
‘% Al 
is a natural map of Tors, 
This map of Tors is induced by the algebra homomorphism At 0 AZ1. A1 8 k z Al 
and the module homomorphism N--f k @ N. In resolution degree zero this map is just the 
natural isomorphism k @ N z k @ (kn’@ N). 
A,@‘~2 AL AI 
2.4 PROPOSITION. Let Al and A, be two augmentedgraded k-algebras and let N be a Ieft 
A1 @ A2 module. Assume that A1 is a projective k-module and that N is a projective 
A,-module. Then the natural map 
TOTA,@& (k, N) + Tor,,,(k, k z N) 
is an isomorphism of bigraded k-modules. 
Proof. Let ... + P-’ + P-’ + P” -+ N + 0 be a projective resolution of N over A, @ AZ. 
It may be assumed (e.g. by taking each Pi to be a free A, @ AZ module) that each Pi is a 
projective AZ-module and that each k @Pi is a projective A,-module. Since N is a projec- 
A2 
tive A,-module ToriT(k, N) = 0 for i # 0. Thus the sequence ... + k 0 Pm2 + k 0 P-’ + 
A2 i\Z 
kQP’+k@N + 0 obtained by tensoring the above resolution with k over A2 is a projec- 
A2 A2 
tive resolution of k 0 N over AI. So Tor,,(k, k @ N) is the homology of the complex 
--.:‘k~ck~P-‘,-te~,‘~~-‘~~k~~k~P’~-O. 
But Tor A18Az(k, N) is the homology of the complex 
. . . +k Q P-z-+k @ P-‘-+k @ P’+O. 
A,@Az A18A2 Al@A2 
The natural isomorphism k @ P’ E k @ (k BP’) yields an isomorphism between these 
Al@A2 At AI 
two complexes so the proposition is proved. 
93. E-Sequences 
In this section some properties of E-sequences are developed. Throughout this section 
the ground ring k is a field. c denotes the category of all graded algebras A over k such that: 
(i) A is connected. 
(ii) A is graded commutative. 
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(iii) A’=Oifiisoddorifi<O. 
(iv) As an algebra A is finitely generated. 
The morphisms of c are homomorphisms of graded algebras. 
If A is an object of c, then A is a module over itself. An ideal in A is a sub A-module of 
A. (See $1 for conventions on graded modules.) A denotes the ideal in A defined by (2)’ = 0, 
and (A)’ = A’ if i f 0. Since A is connected the unit 4 of A maps k isomorphically onto A’. 
Thusthereisamap&:A+kdefinedby&=q-’ on A0 and E = 0 on A. E is the augmentation 
of A. Whenever k is considered as an A-module, it shall be understood that A acts on k 
through E. 
3.1 Definition. If A is an object of c and M is an A-module, M is bounded below if there 
exists II E 2 such that M’ = 0 for all i < n. 
3.2 LEMMA. Let A be an object of c and let M be a left A-module which is bounded below. 
Then M = 0 if and only if k @ M = 0. 
A 
Proof. See [15], Proposition 1.4, page 215. 
3.3 THEOREM. Let A be an object of c and let M be a left A-module which is bounded 
below. Then the following are equicalent :
(i) Tor,-‘**(k, M) = 0. 
(ii) Tar-j**(k, M) = 0 for all j >= 1. 
(iii) M is a projective A-module. 
(iv) As an A-module M is isomorphic to A @ k @ M. 
A 
Proof. The implications (iv) G- (iii) * (ii) G= i are clear so it is only necessary to show ( ) 
that (i) implies (iv). For this see [14], Chapter VII, Lemma 6.2, page 216 or see [8], Chapter 
VIII, Theorem 6.1, page 156. 
Notation. If A is an object of c and a,, . . . , a, are elements of A, then A/(a,, . . . , a,) 
denotes the quotient of A by the ideal generated by a,, . . . , a,. A/(a,, . . , aJ is again an 
object of c. (See $1 for conventions on graded algebras.) 
3.4 Definition. Let A be an object of c and let a,, . . . , a, be elements of A. The sequence 
a,, . . . , a, is an E-sequence if and only if a, is not a zero divisor in A and for each 
i = 2, 3, . . . , t, a, is not a zero divisor in A/(a,, . . . , ai_l). 
3.5 PROPOSITION. Let A be an object of c and let a,, . . . , a, be elements of 2. Set 
A = k[x,, . . . , x,] with deg xi = deg ai and consider A to be a A-module by means of the map 
f : A --) A defined by f (xi) = a,. Then the following are equivalent: 
(9 
(ii) 
(iii) 
(iv) 
(v) 
a,, . . . , a, is an E-sequence. 
Tor,‘**(k, A) = 0. 
Tor,j**(k, A) = 0 for all j >= 1. 
A is a projective A-module. 
As a A-module A is isomorphic to A @ A/(a,, . . , a,). 
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ProoJ Since k 0 A = A/(a,. . , a,) the equivalence of (ii), (iii), (iv), and (v) follows 
from the preceding‘iheorem. Moreover (v) clearly implies (i) so it only remains to show 
that (i) implies (ii). To do this proceed by induction on 1. If t = 1, then by Proposition 2.1 
Tor,(k, A) is the homology of the complex E [e] Q A with differential operator d given by 
cf(e 0 a) = 1 @ a,~, d(l 0 a) = 0. Thus Tori ‘** k A) = 0 if CI~ is not a zero divisor in A. ( , 
Now assume that the implication (i) => (ii) is valid for all E-sequences of length t - 1 
and consider an E-sequence a,, a2, . . . , a, of length t. To compute Tor,,(k, A) set A = 
Ai @ A,, A, = k[x,], A2 = k[x,, . . . , x,_~], and apply Proposition 2.4. By the inductive 
hypothesis A is a projective module over AZ . Since a, is not a zero divisor in A/(a, , . . , a, _ 1) 
it follows that Tort,*(k, k @ A) = 0 ifp # 0. By Proposition 2.4 the natural map 
TorA,BA, (k, A) + Tor,,,(k, k 0 A) 
A2 
is an isomorphism of bigraded k-modules, and this completes the proof. 
Notation. If F,(X) = f a,X’and F,(X) = f biXi are two power series with real numbers 
i=O i=O 
for coefficients and radii of convergence 2 1, then we set F, 2 F2 if for every real number i. 
such that 0 =< E. < 1, Fl(l) => F2(l). 
If V is a graded vector space of finite type over k, with Vi = 0 for i < 0, then p(V) 
denotes the Poincare series of V, p( I’) = 2 (dim,V)X’. 
i=O 
3.6 LEMMA. Let A be an object of c and let M be a f;niteIy generated A-mod&e with 
M’ = 0 for i < 0. Then p(A) *p(k @ M) 2 p(M). 
A 
Proof. It will suffice to show that there is an epimorphism of graded k-modules from 
AO(k@M)toM.Todothisletn:k@M + M be the projection and let u : k @ M+ M 
be any map of graded vector spaces over*k such that IIQ is the identity map of k 0” M. Now 
A @ (k @I M) is a free A-module so a induces a map of A-modules A @I (k @ M) 1 M. This 
is the detired epimorphism. Compare [15], Corollary 1.5, page 215. 
A 
3.7 LEMMA. In IY’ = kbl, . . . , y,,] let a,, . . . , a, be elements such that 
Ik[y,, . . , ~,$(a,, . .. , a,)1 is afinite dimensional vector space over k. Then t $ n. 
Proof. Set deg ai = ri, deg yi = pi, V = kb,, . . . , t,,]/(a,, . . , a,). Let A = k[x,, .., , x,] 
with deg xi = CZ~ and define an algebra homomorphism f: A -+ I by f (xi) = a,. Consider I- 
to be a A-module with A acting through f. By the preceding lemma p(A) .p( V) 1 p(T). 
This implies 
p(I) ir(I - Xl‘) 
p(V)Z-= 
i=l 
p(*) f!( 1 - X8*). 
If t < n, then the expression on the right has a pole at X = I. Since p(V) is a polynomial this 
is impossible. 
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We now introduce the category L of all local rings and a functor c -+ L defined by A -+ 
IjAIl = n A’. Note that if k[x,, . . . ,x,] is a graded polynomial algebra in c, then 
is2 
/k[x,, . . . , x.]jl is the (non-graded) ring of all formal power series k[[.r,. . . . , .rJ]. For any 
object A of c, iiA[j is a local ring whose unique maximal ideal consists of all elements with 
0-th co-ordinate zero. If A, B are objects of c, and f: A -+ B is a morphism in C, then by 
applying f co-ordinate-wise there is an induced map llfll : ]lAll + j/Bll. If A is an object of 
c and a = (a, i) is an element of A with deg a = i, then a determines an element a’ E l/AI/ by 
requiring that the i-th co-ordinate of ?i be s( and all other co-ordinates of Z be zero. If R 
is an object of L and b,, . . . , b, are elements of R, then R/(b,, . . . , 6,) denotes the quotient 
of R by the ideal in R generated by b,, . . , b,. 
3.8 LEMMA. Let A be an object of c and let aI, . . . , a, be elements of A, then 
IA/&,, . . . , a,) jl is canonically isomorphic to /I A Il/(fil, . . . , Z,). 
Proof. Letf: A+A/(a,, . . . , a,) be the projection. Applying the functor /I II we have 
Ilf II: II4 * IL+,, ... , a&I. Let I = Kernelf. Then Kernel II f II = fl I’. But fl I’ is 
ieZ iEZ 
just the ideal in jl AlI generated by Z,, . . . , 5,. 
3.9 PROPOSITION. Let l’- = kb,, . . . , y,,] and let a,, . . , a, be a sequence of n elements of 
i=. Then Ir/(a,, . . , a,,)1 is a finite dimensional cector space ocer k if and only if a,, . . . , a, 
is an E-sequence. 
Proof. Set dega,=cr,, degyi=Bi, V=r/(a, ,..., a,). Let A=k[x ,,..., x.1 with 
deg xi = czi and define an algebra homomorphism f: A --) IY by f (Xi) = ai. Consider r to 
be a A-module with A acting throughf. 
If a,, . . . , a, is an E-sequence then by 3.5 
p(r) fJC1 - xa’> 
p(V) =- = 
i= 1 
p(A) fi(1 _ xal)’ 
i=l 
Thus p(V) has a finite value at X = 1, so 1 VI is a finite dimensional vector space over k. 
If I VI is a finite dimensional vector space over k, then it may be immediately 
verified that the local ring 11 VI1 = llr/(a,, . . . , a,)]/ is a local ring of dimension zero. 
See 1181 for the definition of dimension of a local ring. By the preceding lemma 
iir/(n,, . . . , a,)11 = mw,, . . . , 4). Since [jr/l is a power series ring Theorem 2, 
Appendix 6, volume 2, page 397 of [18] applies to give that Hi is not a zero divisor in 
iirili(4, . . . , d,_l) for i= I, 2, . . . , n. Since Zi is not a zero divisor in llr//(Z,, . . . , E,_J 
it follows a fortiori that ai is not a zero divisor in T/(a,, . . . , ai-l). 
3.10 COROLLARY. Let A = k[x,, . . . , x,] and r = kb,, . . . , y,] be graded polynomial 
algebras on the same number n of generators. Let f : A + r be an algebra homomorphism and 
consider r to be a A-module by means off. Then if r is a finitely generated A-module, it is a 
free A-module. 
Proof. The corollary follows from 3.9 and 3.5. 
38 PAUL F. BAUM 
$4. DEFICIESCY 
In this section X- is a field and c is the category introduced in $3. For any object A of c 
an integer called the deficiency of A is defined, and a bigraded algebra J(.4) such that 
J”,*(A) = A is also defined. 
- -- 
If A is an object of c, then Q(A) denotes the graded vector space rl/ilA. Q(A) is the vec- 
tor space of indecomposable elements of A. If rc : A -+ Q(A) is the projection then elements 
a,, ... , a, of 2 generate A as an algebra if and only if ~(a~), .. . , ~(a,) span Q(A) as a vector 
space over k. 
/n-1 
4.1 Definition. A sequence ... -+An_L----+ A,- fn A,_, -+ ‘.. in C is co-esactt if for 
every n Kernel f, is the ideal in A. generated by the elements of positive degree in Image 
fn-l. (i.e. Kernel f, =f,-,(&-,)-A,). 
Note that f: A -+ r is onto (one-to-one) if and only if A--& I- -+ k(k 4 A’- r) is 
co-exact. 
4.2 Definition. If A is an object of C, a presentation of A is a co-exact sequence 
A 9, r/- A -+ k such that: 
(i) A and r are polynomial algebras. 
(ii) The induced map Q(A) + k 0 Kernelfis an isomorphism of graded vector spaces 
A 
over Ic. 
A presentation of A is a “taking apart” of A. The elements of Q(r) are generators, and 
the elements of Q(A) are relations imposed on these generators to give A. Condition (ii) 
of the definition is a non-redundancy condition stating that Q(A) has no superfluous ele- 
ments. 
4.3 Definition. If Z is an ideal of A, the elements Q,, . . . , a, are a nol7-redwrdant set of 
generators for Z if Z is the ideal in A generated by a,, . , a, but no proper subset of a,, . . , a, 
generates I. 
The proofs of the next two lemmas are immediate and shall be omitted. 
4.4 LEMMA. Let A be an object of c, Z an ideal in A, and x : Z -+ k 0 Z the projection. A 
A 
set of elements a,, . . . , a, of I is a non-redundant set of generators for Z if and on/y if 
n(a,), . . . , n(a,) is a t’ector space basis for k @I I. The number of elements in any non-redundant 
A 
set of generators for Z is dim, Ik @ II. 
A 
4.5 LEWMA. Let lY = kbl, . . , y,] and let a,, . . . , a, be elements of k[,v,, . . . , yl] which are 
a non-redundant set of generators for the ideal they generate in kb,, . . . , y,]. Then the elements 
t The category c is a pointed category and this terminology is consistent with the usual terminology used 
to discuss such categories. 
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al, ‘.. 3 a,, Y1+13 .‘. > yn are a non-redundant set of generators for the ideal they generate in 
k[l 1, .” > y’n I. 
Remark. If A 9, I/- A -+ k is a presentation of A, and A = k[x,, . . . , x,,], then 
g(.r,), . . , g(xn) is a non-redundant set of generators for the ideal Kemelfin I-. 
4.6 THEOREM. Let A be an object of c and let Al + rl + A + k and A, -+ r2 -+ A -+ k 
be two presentations of A. Then: 
(i) Tor,,,(k, r,) and Tor*,(k, Tz) are isomorphic bigraded algebras. 
(ii) For each i, dim,Q(A,)’ - dimkQ(r,)i = dim,Q(A,)’ - dim,Q(Tz)‘. 
Proof. First consider the special case of two presentations A* I/- A --f k and 
A-% If, A --f k which are identical in all respects except the two maps g,, g2. Use the 
bigraded complex of Proposition 2.1 to compute the two Tors. It must be shown that if 
a L, .‘f f a, and b,, . . . , b, are two non-redundant sets of generators for Kernelf, then the two 
bigraded differential algebras L = E [e,, . . , e,] 0 I? and L’ = E [u,, . . . , u,] 0 I7 with 
differential operator n given by d(1 @ y) = 0, d(ei @ r) = 1 @ aiY, d(Vi @ 7) = 1 0 biy, have 
isomorphic homologies. To do this it suffices, by Lemma 4.4, to consider the special case when 
a = b,, a2 = b2, . . . , q1 = b,_l, a, #b,. Set a, = b,y, + bt_l~,_l + ... + b,yl. Since 
deg at = deg b, , deg yt = 0. By the non-redundancy of a,, . . . , a,, yI # 0. Without loss of 
generality it may be assumed that yt = 1, so a, = b, + b,_,y,_, + a** + b,y,. Define a map 
0 : L --, L’ of bigraded differential algebras by settin g 19(1 @ 7) = 1 0 y, f3(e, @ 1) = ui 0 1 
for i = I, 2, . . . , t-l,~(e,~l)=v,O1+u,_,~y,_,+~~~+~,Oy,.Foreachp,q,L~~~ 
and (L’)P*4 are finite dimensional vector spaces over k, with dimkLPs4 = dim,(L’)PV4: Hence if 
0 is onto, 8 is an isomorphism. From the definition of 0 it is immediate that 1 0 y is in 
Image 0 for an element y of I-, and that 1 0 Ui is in Image 0 for i = I, 2, . . . , t - 1. 
O(e,@l -e,_,@y,_,--..- e, 0 yl) = v, 0 1. Since 0 is a: map of algebras and the 
vi @ 1, 1 0 y generate L’ as an algebra, 0 is onto. 
To prove the general case let Ai 91, I-r /I, A -+ k and A, 42, Tz A A -+ k be any 
two presentations of A. Set T3 = I1 @ TZ and map I3 onto A by f3 = (P.,, O (fi 0f2). 
f3: JYl 0 r2 “@12, A @ A’PL-, A. qPA is the multiplication of A. Set rl = kb,, . . . , y,] and 
let +t.‘r, . .. , w, be elements of Ti which are a non-redundant set of generators for Kernel f,. 
Set Tz = kb;, . . . , y:] and in r1 choose elements pl, . . . , p, such thatfrbi) = fi(yi). In r3 
set ri = Yi @ 1 for i = I, 2, . . . ,i,ji=l@Y~_,-~i_l@l fori=J, J+l,..., Z+m,and 
riii=rvi@1fori=J,2 ,..., t.ThenT,=kEr,Y, ,..., Y,+,]andbyLemma4SG, ,..., G,, 
- Y1+1, ... 9 Ylfm is a non-redundant set of generators for Kernel f3. Set A3 = k[zz,, .. . , z,+,] 
withdegzi=degtiifori=1,2,..., tanddegzi=deg~i+,_,fori=t+l,...,t+mand 
define g3 : A3 + r3 by g3(zi) = Bi for i = 1, . . . , t gJ(Zi) = _fi+l-l for i = t + 1, . . . , t + m. 
Then A,* r3A A + k is a presentation of A. If the complex of Proposition 2.1 is 
used to compute Tor,,,(k, I,) then it is clear that this complex is the tensor product of two 
complexes, one acyclic, and one having Tor,,,(k, r,) for its homology. So Tor,,,(k, r,) 
is isomorphic to Tor,,k(k, I-,). Similarly, choosing a different set of non-redundant generators 
for Kernel f3, and applying the special case proved above, Tor,,(k, I,) is isomorphic to 
Tor,+(k, T,). 
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To prove (ii) observe that for each i, 
and 
dim,Q(A,)’ - dim,Q(T,)’ = dim,Q(A,)’ - dim,Q(I,)’ 
dim,Q(A,)’ - dim,Q(T,)’ = dim,Q(A,)’ - dim,Q(T,)‘. Q.E.D. 
From Theorem 4.6 it follows that to any object A of c there is associated a bigraded 
algebra obtained by forming a presentation A --) I -+ A + k of A and taking Tor,,(k, I). 
This construction has not been shown to be functorial. Despite this the bigraded algebra 
Tor,(k, I) shall be denoted by J(A). Since Tor:*(k, I) = A, there is a canonical inclusion 
A c J(A). 
4.7 Definition. An object A of c is an E-algebra if for every presentation A + I + A -+ k 
of A, r is a projective A-module. 
4.8 LEMMA. For any object A of c the following are eyuicalent: 
(i) A has a presentation A + I -+ A + k such that r is a projective A-module. 
(ii) A = J(A). 
(iii) A is an E-algebra. 
Proof, The lemma is an immediate corollary of Theorems 3.3 and 4.6. 
E-algebras are obtained by dividing a polynomial algebra by an ideal generated by an 
E-sequence. For an arbitrary object A of C, J(A) is a “homology” of A which measures the 
deviation of A from being an E-algebra. 
4.9 Definition. If A is an object of C, the i-th deficiency of A is the integer df ‘(A) obtained 
by forming a presentation A --) T -+ A + k and setting df ‘(A) = dim,Q(A)i - dim,Q(r)i. 
The deficiency of A is the integer df(A) = c df ‘(A). 
4.10 PROPOSITION. Let A be an object of c such that 1 Al is a finite dimensional uector 
space otter k. Then df(A) 2 0 with equality tf and only if A is an E-algebra. 
Proof. df(A) 2 0 follows from 3.7. 
If df(A) = 0 then by 3.9 A is an E-algebra. 
Suppose that df A > 0 and that A is an E-algebra. This leads to a contradiction as fol- 
lows:LetA~r~A-*kbeapresentationofA.SetA=k[x,,...,~,],r=k~~,...,y,], 
deg xi = ai, deg yi = fii. Then by 3.5 
” 
If dfA > 0, then I< n so the rational function 
&1 - -w 
ifiu - xa’> 
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has a zero at X = 1. At X = 1, however, the Poincare polynomial of A has c dim,A’ for its 
value. Since A0 = k, this value cannot be zero. 
4.11 LEMMA. Let A be an object of c and let A9- l-I_ A + k be a co-exact sequence 
in which A and r are polynomial algebras. Then as a bigraded algebra Tor,(k, JY) is isomorphic 
to E @ J(A) kvhere Eisabigradedexterioralgebra, E = E [e,. . . . , e,], such that the k vector space 
spannedbye,, . . . , e, is E-‘,*andforeachi, dimkEel.’ = dim,Q(A)‘- dimkQ(r)i - df’(A). 
ProoJSetA = k[x,,... , xc], r = k[y,, . , y,], ai = g(xi). To prove the present lemma we 
must consider the case when a,, . . . , a, is not a non-redundant set of generators for Kernel J 
So assume that elements Ye, . . . , yr_1 in r can bechosensuchthata, = a,_, yt_1 f... + a,Y1. 
To compute Tor,(k, r) use the bigraded complex L of Proposition 2.1. L = E [e,, . . , e,] 0 I- 
with d given by d(ei @ 7) = 1 @ a,?, d(1 @ 7) = 0. Let L’ be the bigraded complex 
L’=E[o,,...,o,]~~withdgivenbyd(ci~y)=1~aiyfori=l,2,...,t-l,d(o,~1)= 
0 = d( 1 @ 7). Then the lemma will be proved if L and L’ have isomorphic homologies. Define 
a map 0: L --t L’ of bigraded differential algebras by 8(1 @ 7) = 1 @ y, 8(ei @ 1) = ri @ 1 for 
i= 1, 2, . . . , t - 1, O(e, @ 1) = ~1, @ 1 + v~_~ @‘it_, -t ... + L:, @ yI. 0 is easily seen to be an 
isomorphism of differential algebras. 
Remark. In the definition of presentation there was a non-redundancy condition. 
Lemma 4.11 states that if A 4 r& A -+ k is a co-exact sequence which is not a presen- 
tation (i.e. the induced map of Q(A) onto k 0 Kernel f has a non-trivial kernel), then 
A 
Tor,(k, r) = E @ J(A), where E is a bigraded exterior algebra having one generator for 
each generator of A which is superfluous. 
$5. EILENBERG-MOORE SPECTRAL SEQUENCE 
We state here without proof a theorem of S. Eilenberg and J. C. Moore. For proof 
see [IO-121. 
All topological spaces which appear are assumed to have cohomology of finite type. 
5.1 THEOREM. Let k be a commutatitje principal ideal ring with unit. Suppose that 
F’+ E”- B is ajibration in the sense of Serre [ 171. Assume that Fand Eare connected, that 
B is simply connected, and that for each integer q, Hq(E; k) and Hq(B; k) are finitely generated 
projectit’e k-modules. Then there is a spectral sequence {E’}, r 4 2, of algebras conoerging to 
the algebra H*(F; k) with EFq = Tor,.(,,+,(k, H*(E; k)) and 
E:’ = Image{i*: H*(E; k) --f H*(F; k)). 
Remarks. In the above spectral sequence the differential operator in the E,-term is of 
bidegree (r, -r + 1). EFq = 0 ifp > 0 or q < 0. H*(B; k) denotes singular cohomology with 
coefficients in k. H *(B; k) acts on k through its augmentation, and acts on H *(E; k) through 
x*: H *(B; k) -+ H*(E; k). We shall refer to this spectral sequence as the Eilenberg-Moore 
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spectral sequence of the fibration F + E -+ B. The spectral sequence is natural, i.e. if 
F-LF’ 
I ! 
E9-E’ 
is a commutative diagram of topological spaces in which each column is a fibration, then 
there is an induced map of spectral sequences which at the E,-level is an associated graded 
map to f *: H*(F’; k) --) H*(F; k) and at the &-level is 
Tor,.(l, s*): Tor,.(,,;,,(k, H*(E’; k)) + Tor,.(,,,,(k, H*(E; k)). 
In particular, if F& E L+ B is a fibration then the commutative diagram 
F--tFxF 
I 
I I 
ixi 
E-EXE 
7. 
I I 
nxn 
B+BxB 
in which each horizontal arrow is the diagonal map induces a map of spectral sequences 
which gives the algebra structure for the spectral sequence of the left column. For details 
see [I 11. If {&} is the Eilenberg-Moore spectral sequence of F-, E -+ B and x, y are two 
elements of E, , then 
In the filtration of 
i*: H*(E; k)-tH*(F; 
P <4- 
d’(xy) = d’(x)y + (- l)*“*a’dc-- @)x d’(y). 
H*(F; k) such that Gr[H*(F; k)] = E,, F’H*(F; k) = Image i*, 
k). FPH *(F; k) = 0 if p > 0, and FpH *(F; k) I> FqH *(F; k) if 
5.2 COROLLARY. Let FL E”_ B be a jibration whose Eilenberg-Moore spectral se- 
quence has E, = E,. Then the sequence 
H*(F; k) zH*(E; k) Z- H*(B; k) 
is co-exact. 
Proof. Image i* = Ez* = E;,* = k Q H*(E; k). 
H*(B; k) 
5.3 COROLLARY. Let k be afield and let F-&E”_ 3 be a jibration with F, E con- 
nected, B simply connected. Assume that H *(E; k) is a projectice H *(B; k)-module. Then: 
(i) The sequence k --* H*(B; k) --f H*(E; k) -+ H*(F; k) + k is co-exact. 
(ii) As a module ouer H*(B; k), H*(E; k) is isomorphic to H*(B; k) @ H*(F; k). 
Proof. Since H * (E; k) is projective over H *(B; k), the Eilenberg-Moore spectral se- 
quence has Epq = 0 ifp # 0. This implies that F’H*(F; k) = H*(F; k). Since F’H*(F; k) = 
Image i*, i* maps H*(E; k) onto H*(F; k). The corollary now follows by [17, Proposition 8, 
page 4721. 
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k denotes a field or the integers 2. G denotes a compact connected Lie group and H 
denotes a closed connected subgroup of G. p: BH -+ BG denotes the map of classifying 
spaces induced by the inclusion H c G. a: G/H+ BH denotes the classifying map of the 
principal H-bundle H-t G+ G/H = {gH 1 g E G). G/H-% BHL BG is a fibration. This 
fibration is obtained by constructing an acyclic space E on which G acts freely, E x G--t E. 
Since H c G, H also acts freely on E so we have a fibration G/H+ E/H --) E/G. 
6.1 Hypothesis. H*(G; k) and H*(H; k) are exterior algebras on generators of odd 
degree. 
This hypothesis is equivalent [4,5,16] to: H *(BG; k) and H*(BH; k) are polynomial 
algebras on generators of even degree. 
If k is a field of characteristic zero this hypothesis always holds. If k is a field of charac- 
teristic p # 0, then this hypothesis holds if and only if both H* (G; 2) and H,(H; 2) have 
no p-torsion. If k = 2, then this hypothesis holds if and only if H,(G; Z) and H,(H; Z) are 
torsion free. We remark that there are examples where H,(G; Z) and H,(H; Z) are torsion 
free, but H,(G/H; Z) has torsion. 
When 6.1 holds the number of generators of H *(G; k) is the same as the number of 
generators of H*(BG; k) and is equal to the rank of G. See [4,13]. 
6.2 PROPOSITION. Assume that hypothesis 6.1 holds. Consider H*(BH; k) to be a 
H *(BG; k)-module by means of p* : H*(BG; k) + H *(BH; k). Then H *(BH; k) is a finitely 
generated H *(BG; k)-module. 
Proof. Consider the Serre spectral sequence [17] of the fibration G/H -+ BH -+ BG. 
The E,-term is H *(BG; k) 0 H *(G/H; k) which is a finitely generated H *(BG; k)-module. 
Since H*(BG; k) is Noetherian it follows that the E, term of this spectral sequence is also 
a finitely generated H*(BG; k)-module. Since E, = Gr[H*(BH; k)], H*(BH; k) is also a 
finitely generated H *(BG; k)-module. 
6.3 THEOREM (A. BOREL [4]). Assume that hypothesis 6.1 holds and that rank H = rank G. 
Then 
(i) The sequence 
k -+ H*(BG; k)&H*(BH; k)LH*(G/H; k)--+ k 
is co-exact. 
(ii) As an H*(BG; k)-module, H*(BH; k) is isomorphic to H*(BG; k) 8 H*(G/H; k). 
Proof. First consider the case when k is a field. By Proposition 6.2 H*(BH; k) is a 
finitely generated H *(BG; k) module. Since rank H = rank G, H*(BH; k) and H*(BG; k) 
have the same number of generators so Corollary 3.10 applies. Hence H*(BH; k) is a free 
. H *(BG; k) module. AppIying Corollary 5.3 to the fibration G/H--f BH -+ BG the desired 
result is obtained. 
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Now let k = Z. For each prime p let Z, = Z/pZ. By the result just proved 
G*: H*(BH; Z,) + H*(G/H; Z,) is an epimorphism. Since this holds for all primes p 
it follows that H’(G/H; Z) = 0 for i odd and that H*(G/H; Z) is torsion free. H’(BG; Z) 
also is zero for i odd so the Serre spectral sequence of the fibration G/H + BH 4 BG has 
E, = E, . From this and the absence of torsion in H *(G/H; Z) the assertion of the theorem 
follows. 
$7. DEFICIENCY 5 2. COEFFICIENTS LU A FIELD 
k denotes a field. H, G are as in 56 and it is assumed that 6.1 holds. In proofs k 
shall be omitted in cohomology notation-i.e. H*(X; k) shall be written H*(X). H*(BG; k) 
acts on H*(BH; k) through p*: H*(BG; k)+ H*(BH; k). H*(BG; k) acts on k 
through its augmentation. H *(BH; k)//p* denotes H*(BH; k)/H*(BG; k) . H*CBH; k).? 
df(H,G; k) = df(H*(BH; k)//p*). 
7.1 LEMMA. 0 5 df(H,G; k) 2 rank G - rank H. 
Proof. By 6.2 and 4.10 df(H,G; k) 2 0. Since 
H*(BG) -+ H*(BH) -+ H*(BH)//p* + k 
is co-exact df(H,G; k) 5 dim,Q(H*(BG)) - dim,Q(H*(BH)). By [13] and [4] 
dim,Q(H*(BG)) - dim,Q(H*(BH)) = rank G - rank H, so the lemma is proved. 
7.2 LEMMA. Let Tl be a maximal torus of H. Then for any integer i, 
Tori.* r,.cBG;LJ(k, H*(BH; k)) # 0 if and only if Tor&,,&k, H*(BTl; k)) # 0. 
Proof. By 6.3 H*(BT,) is isomorphic, as an H*(BH)-module, to H*(BH) @ H*(H/T,). 
Since H*(BG) + H*(BT,) factors thus: 
H*(BG) + H*(BT,) 
\ 
\ / 
L H*(BH)’ 
It is also true that as an H *(BG)-module H *(BTJ is isomorphic to H *(BH) @H *(H/T,). 
So for every integer i the graded k-modules Tor&,,,(k, H*(BT’)) and 
Tor&,,,(k, H*(BH))@ H*(H/T,) are isomorphic-which proves the lemma. 
7.3 LEM~IA. If i < rank H - rank G then 
Torh:(,,;,, (k, H*(BH; k)) = 0. 
Proof. Let T, be a maximal torus of H. Then by 7.2 it suffices to prove that Tor&,,) 
(k, H*(BT,)) = 0 when i c rank H - rank G. Let T be a maximal torus of G. Let A = T/Tl . 
Let 7~: T -+ A be the projection. Let i: T + G be the inclusion. Then A + T -+ G induce maps 
BA c BT -+ BG. Passing to cohomology H *(LIT) is a module over H *(BA) and over H *(BG). 
Moreover, as an algebra H*(BT) is isomorphic to H*(BA) @ H*(BT,), SO H*(BT) is a 
free H*(BA)-module. By 6.3 H*(BT) is a free H*(N)-module. Hence by 2.4, there are 
isomorphisms of bigraded k-modules: 
t This notation is as in [151. 
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Tor,.,,,,(k k 0 H*(W) 
H ‘(BG) 
T 
Tor 
. 
TOr,.,,,,(k, k’ @ H*(BT)) 
H*(BA\) 
Since k 0 H*(BT) is isomorphic as an H*(BG)-module to H*(BT,) the present lemma 
H*(U) 
shall be proved if it can be shown that 
Torh:(,,, k,k 
( 
@ H*(BT) =0 
If l (flG) > 
for i < rank H - rank G. But H *(BA) is a polynomial algebra on rank G - rank H genera- 
tors so 2.2 applies and the proof is complete. 
7.4 THEOREM. Let G be a compact connected Lie group and let H be a closed connected 
subgroup. Assume that k is afield, that 6.1 holds, and that df(H,G; k) 2 2. Then: 
(i) For a suitablefiltration of the algebra H*(G/H; k), Gr[H *(G/H; k)] is isomorphic 
to the algebra Tor,.(,,,,,(k, H*(BH; k)). 
(ii) The sequence H*(BG; k) -+ H*(BH; k) -+ H*(G/H; k) is co-exact. 
Proof. Let A = H*(BH)//p*. The sequence 
H*(BG) + H*(BH) + A -+ k 
is co-exact so by 4.11 Tor,.(,,,(k, H *(BH)) is isomorphic to E @J(A) where E is a bigraded 
exterior algebra generated by E-l** and rank G = rank H + dimklE-‘**I + df(H,G; k). 
Since by hypothesis df(H,G; k) s 2 this implies that dim,[E-‘**I 1 rank G - rank H - 2. 
From this it follows that if for some integer i < - 2, J(A)‘** # 0, then (E @ J(A))‘** would be 
non-zero for some p < rank H - rank G. This would contradict 7.3 so J(A)‘** = 0 for all 
integers i < - 2. Hence E @ J(A) is generated as an algebra by elements of bidegree (SC,& 
where -25~50. 
Consider the Eilenberg-Moore spectral sequence of the fibration G/H + BH + BG. 
Computing the Ez-term as in 2.1 it is clear that E ,P.4=Oifp>Oorifqisodd.Sinced,is 
of bidegree (r, -r + 1) any element of Ez**, E2_ I**, or E; l**, is, therefore, a “ permanent 
cycle”. But immediately above it was shown that the E,-term is generated as an algebra 
by E$*, ET’,*, and Ey2*+. Since d, is a derivation of algebras E, = E, . 
7.5 COROLLARY. If df(H,G; k) = 0 and the characteristic of k is not 2, then 
Tot Tor,.(,,,,,( k, H *(BH; k)) and H *(G/H; k) are isomorphic as graded algebras. 
Proof. Since df(H,G; k) = 0, Tor,.(,,,(k, H*(BH)) is an exterior algebra on 
Tor$:(,,,(k, H*(BH)) and therefore can be “ lifted back ” as an algebra to yield the 
desired algebra isomorphism. 
Remark. A very slight modification of the proof of 7.2 shows that the Eilenberg-iMoore 
spectral sequence of G/H + BH 4 BG has E2 = E, if and only if Et = E, in the Eilenberg- 
Moore spectral sequence of G/T, + ST, -+ BG. (T, = a maximal torus of H.) Hence the gen- 
eral problem of proving E2 = E, reduces to the special case when the subgroup is a torus. 
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$8. EXAMPLES 
Example 1. Imbed U(n - 1) in G(n) in two different ways: 
6) 
;_1 -;:_-_ 
(ii) 
pJ f-, Fz%=(detA)-’ 
For (i) U(n)/U(n - 1) = S2”-l. 
For (ii) U(n)/U(n - 1) = S’ x CP”-‘. 
Take cohomology with coefficients in Z,, p any prime. For (i) p*: H*(BU(n); Z,) -+ 
H *(BU(n - 1); Z,) is given by 
p* z,c.u,, -y.$, . . . 1 S,“] -+ Z,[y2 , .l’_r 1 . . . , y+1] 
p*(.~~~) = y2i, i = 1, 2, . . . , n - I, p*(xl,) = 0. 
For (ii) p* : H *(BU(n); Z,) -+ H*(BU(n - I): Z,) is given by p*: Z,[.rz, x4, . . . , x2”] + 
Z,b2, 1’4 1 ... , Y2.-21. 
p*(X2)=0, p*(X2i)=L’2i-L.z1.2i-?, i=2.3,...,n-l 
p*(“z”) = -L’J 1’2”_2 .
Here subscripts indicate degree, and the xzi . yzi are the mod p reductions of the univer- 
sal Chern classes. In both cases H*(BU(n - I); Z,)/// I* is an algebra of deficiency zero. 
E,yample 2. The real Stiefel varieties 
Imbed SO(Z) in SO(n) in the usual manner, i.e. 
1 A f 1 1 
1 
- 
- 
- 
A 
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sO(n)/sO(f) is the real Stiefel variety V,.=_[. In order to make explicit computations assume 
that n and I are both even. Take cohomology with coefficients in Z, , p an odd prime. Sub- 
scripts will indicate degree. Then p*: H*(BSO(n); Z,) + H*BSO(f); Z,) is: 
p* : z,[.r_$ . -ry . . , X2” -1 , .YJ -+ Z,[yA , 1’8 , . 1 1’21-5 , y;1 
P*l.s4i) = Y4i for isii//7-1 
p*(s2r) = (y;)” 
p*(.K~i) = 0 for 112 + 1 s i 5 n/2 - 1 
/2*(X;) = 0 
Here the qi, ~9)~ are the mod p reductions of the universal Pontrjagin classes and $, , J’; 
are the mod p reductions of the universal Euler classes. Thus H*(BSO(f); Z,)//p* = Z,[y;l/ 
(y;)‘. This is an algebra of deficiency zero. Applying 4.11 and 7.4 we have that 
H*(&,,-,;Z,) =E[e~+~,e~k+7, . . ..e.,-j,e:,-,lOZ,[y;l/(L’;)‘. 
The cases when n and I are not both even can be computed similarly. 
Example 3.7 lmbed U(5) in Sp(5) in the usual manner. By restricting the imbedding to 
SU(5) an inclusion SU(5) c Sp(5) is obtained. Take cohomology with coefficients in Z,, p 
an odd prime. Subscripts will indicate degree. Then p* : H *(BSp(S); Z,) + H *(BSU(5); Z,) 
is, with proper choice of generators for H *(BP(~); Z,) and H *(BSU(5); Z,) given by 
p*: z,cx, 7 .yS, s17, -y16, +3] + z,b,, L’6, L’S, y,,] 
P*(%> = L’S, P*h?) = JY, p*b,,) = y; > p*b,d = Y, L’lO 3 P*hO) = L’;O. 
From this it follows that 
H*(BWj); Z,)//P* = zpb6, Ytol/(Yi 1 Y6 L’IO, do). 
This is an algebra of deficiency + I. Applying 4.11 and 7.4 we have that H *(Sp(S)/SCJ(j); Z,) 
is an algebra on generators { 1, z6 , z,~, u2, , az5 , aJ1 > which has all cup products zero 
except for the products z6a25 = a3, = =,o~2,. Here 1, z6, zlo are in the image of 
H *(SSU(5); Z,) + H *(S,(5)/SU(5); Z,) and azlr azj , uJ1 are “extra” classes which are 
added because df (H *(BSU(S) ; Z,)//p*) > 0. u3i is the fundamental class of the manifold 
SP(5YSW5). 
Example 4. PU(j7). Compare [I], [5]. 
In U(n) let T, denote the subgroup of all diagonal matrices. r, is a one-dimensional 
torus and is the center of U(n). U(n)/T, is the group PI/(n), the projective unitary group. 
Take cohomology with coefficients in Z, , p any prime, then p* : H *(BU(n); ZP) -+ H *(BIT, ; 
Z,) is: 
P*: z,[x, 1 dYA 3. 1 eY2n] + Z,[yl]> p*(Xzi) = 
0 
; y;. 
(I) denotes the binomial coefficient (1) = n!/i’(n - i)!, the .xzi are the modp reductions of 
the universal Chern classes, and J 2 is the modp reduction of the standard generator of 
H *(LIT, ; Z). 
t This example is due to A. Borel. 
38 
. 
PAUL F. BAUM 
Let pr be the largest power of p dividing n. Then 
H*(BT, ; z,m* = z,cyJ/J”. 
This is an algebra of deficiency zero. Applying 4.11 and 7.5 we have that for an odd prime 
p, (as an algebra) 
H*(PWn); Z,) = ECe,, e3, . . . , &pr-l, ez,-,I 6 Z,CY,I/Y~. 
For p = 2 the situation is slightly different, and the Eilenberg-Moore spectral sequence 
alone does not give enough information to compute H *(PU(n); 2,) as an algebra. In fact 
[2,5] it is the case that if n is odd or if n E 0 mod 4 then H*(PU(n); Z2) and 
Tot TorH*CBUCn):zr) (Z, , H*W,; Z,N 
are isomorphic as graded algebras. But if n is an even integer such that n + 0 mod 4, then 
H *(PU(n); Z,) and 
Tot Tor~~~~U~n~~z2~(ZZ 9 ff*W, ; G>> 
are not isomorphic as algebras. 
This example can also be studied with integer coefficients. By using the Eilenberg-Moore 
spectral sequence with integer coefficients information on H *(PU(n); Z) can be obtained 
which was used in [2] to compute the Pontrjagin rings of the quotients of the classical groups. 
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